Welcome to Section 6.5 - Convolutions

Definition of a Convolution

If f(t) and g(t) are functions with Laplace transforms F(s) and G(s),
then the (f * g)(t) is defined as theconvolution of f(t) & g(t) where

t
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By using the integral definition of the Laplace transform of f(t) and

g(t), and applying a variable substitution (as shown in the text), it is
shown that

wp TGO = L [Fxa]
L [Fotal= £ xq.

In other words, the inverse Laplace transform of a product of Laplace
functions of s will equal the convolution of f(t) and g(t).
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Example: If f(t) = d , and g(t)=1, c%mpute (f* 2)(t).
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Note: In this case, (g*t)(t) also results 0
in -1 + e It may also be shown = -\ + Ct
that in general, (f*g)(t) = (g*t)(t). \

Example: Use the convolution Theorem to find g}a -4 [—S%ST‘& .
Ul i Wy Y- P i B
‘9\0 [S(S-\'l)& - cf }: <" 3+&

where F(s) = 1/s and G(S)t: 1/(s+1). The corresponding functions of
tare f(t)=1,and g(t)=e¢ . Continued. . .
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Unfortunately, most integrals representing the convolution of 2 functions are
not this easy to evaluate. The convolution has other applications.
Solving a Differential Equation with Convolution
Suppose we wish to solve the second-order differential equation
I )
—_— -_— —yl\ —
Y'+eY'-2y =40 wim yosye=0

where f{(t) is some forcing function. Take Laplace transforms of
both sides and solve for L[y] in terms of L[f(t)] and s. Continued. . .
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Taking Laplace transforms and substituting in y(0)=0 & y'(0)=0 results in

S* Loyl +sLry]—aX0yT = LT -
Solve for L[y]. |
Qo[ \/_.l = ff[‘/] 4 Sl+ S_‘L
Take the inverse Laplace transform of both sides.
-) \
y= o [ [ft)- 57{3;;’“.&
Applying the definition of the convolution results in
- \
y= Peyx I |
We may use partial fractions to rewrite the fraction.
= f@)* 0\104]: s _ %
Take the inversz Laplace of the fractions. 72 S+

\/ = ft) * [—‘g e* - Jge“tl CoNTWUED
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Applying the inte_%ral definition of the convolution results in

1= § iy R fa

0 Direc delta function at t=

Notice that if you solved y" +y' - 2y ?5; , with y(0)=y'(0)=0,
you would take Laplace transforms of both sides to get . . .
Note that the Laplace of

S’L + S f [ y] - AX [ \I] = l thisODirec delta function

ise’ =1.

Solving for L[y] results in

Applying the inverse Laplace transform results in
= Lo ) -t
9= 3c"-4e
CONTNU ED
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We can generalize this to obth'n the following formula.
= h -F U U
y=J, %(+ w) T d
is the solution to )/ h + fy‘ + gy = ‘F(‘t)

where y'(0)y(0)-0 AND  a(£) Is A souTioN To
Y'Fey v4y= S,

and f(t) is any forcing function.
Thus, once we know how a second order system behaves with a Direc delta

force at time t=0, we have an integral solution for the behavior of the system for
ANY other forcing function f(t).

Do the homework for 6.5 . Read the text!
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