Welcome to Section 3.5 - Repeated and Zero Eigenvalues

Since the equation used to find the eigenvalues (called the characteristic
equation) is a quadratic equation, the coefficients of a system may be such
that there is a repeated solution or a zero solution to this equation.

Zero Eigenvalues

In the system dx/dt = 4x - 2y, dy/dt = -2x + y, the characteristic equation and

eigenvalues are: 4, ')\\ (l —% q O
i 5%:)5)’%— —» =5, A0

We may use these eigenvalues to find 2 eigenvectors in the same way as before.
We may then form a general solution in the same way as before.

Find the eigenvectors and the general solution for this system.
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The phase portrait for this solution is given below. What we are seeing here are
straight-line solutions that are shifted up and down according to what the initial
conditions are. We also see a line (y=2x) of equilibrium points. By letting the
system = (0,0), any point such that y=2x results in dx/dt =0 & dy/dt =0. Also,

if you input any initial conditions into the system, the field vector given by dx/dt
and dy/dt indicates that the straight-line solutions move away from the line y=2x.
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In general, when solving a linear system with a zero eigenvalue:

1. Find the eigenvalues and associated eigenvectors as before.
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3. Equilibrium points will lie on a line calculated by letting the system = (0,0).
Straight line solutions will move away from this equilibrium line (positive
eigenvalue) or toward this equilibrium line (negative eigenvalue). The
slope of these straight-line solutions is determined by the eigenvector
associated with the non-zero eigenvalue.
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Systems With Repeated Eigenvalues

In a system with a repeated eigenvalue, we may easily obtain a single solution

to the system:
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Note that this is a straight-line solution. EIGENVECTOR

It is shown in the text (quite well) that ’5l({f %UV\
the general solution to AY =dY/dt is...
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Example: Find the general solution to the system dx/dt =2x +y, dy/dt = 2y.

The repeated eigenvalue is 2. The equations used to find the eigenvector

(x1,y1) are 2x1 +yl =2x1, 2yl =2yl. This means that y1=0 and x1 is

any real number. A good choice for this eigenvector is Xll [ nE
- o]

Now find a second vector (x2,y2) such that
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[ X.L] = (ol The general solution is. . .
Y= l

Page 6 11/2/99 11:46 AM




Y= ke [, [rket Qc (1] [ﬂ)
Ya)= Kle“[;} ko€ ([Jﬂ J{m

£+t
Yty = kleltM“L ke KII

ot
X=Ke+ t-kf
Y= ke™

Now find the solution with initial conditions {t=0,x=1,y=1}. Check against
the solution on Graphmatica.
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The solutions for k1 & k2 are k1 = 1, k2 = 1. The solution with these initial
conditions is zt
X=e" +tet
7 = e?.t
Enter dx=2x+y; dy=2y {0,1,1} , y=exp(2x) + x*exp(2x), & y=exp(2x)
7

All of the solutions match up!

Can you guess what the phase plot -z
will look like? See next page.
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In the phase portrait below, there are straight-line solutions that emanate out
from the origin (the origin is a source because of the posmve eigenvalue). The

other solutions spiral out. The straight line solutions are given by ( {3 K e -{;[ 1
! 0

Ty
The non-straight-line solutions spiral, but the spiraling is "stopped" b
straight-line solution. When the spiraling i
line y=0, they take a-route tangent to thig li
value of t approaches niegative infinity.

5

Read the TEXT! Do the Exercises for 3)5.
-4
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